GLOBAL REGULARITY FOR THE 2D MHD EQUATIONS WITH MIXED PARTIAL 
DISSIPATION AND MAGNETIC DIFFUSION 



CHONGSHENG CAO AND JIAHONG WU 

Abstract. Whether or not classical solutions of the 2D incompressible MHD equations without full 
dissipation and magnetic diffusion can develop finite-time singularities is a difficult issue. A major result 
of this paper establishes the global regularity of classical solutions for the MHD equations with mixed 
partial dissipation and magnetic diffusion. In addition, the global existence, conditional regularity and 
uniqueness of a weak solution is obtained for the 2D MHD equations with only magnetic diffusion. 



1. Introduction 

This paper concerns itself with the fundamental issue of whether classical solutions of the 2D incom- 
pressible MHD equations can develop finite-time singularities. The 2D MHD equations under consideration 
assume the form 

u t + u ■ Vu = — Vp + v\ u xx + v 2 Uyy + b ■ V6, (1) 
b t + u ■ V6 = 771 b xx + 772 b yy + b ■ Vu, (2) 

V • u = 0, (3) 

V • b = 0, (4) 

where (x,y) G R 2 , t > 0, u — (ui(x,y,t), v,2(x,y,t)) denotes the 2D velocity field, p = p(x,y,t) denotes 
the pressure, 6 = (bi(x,y, f), 62(^,2/, t)) denotes the magnetic field, and v\, v 2 , ?7i and 772 are nonnegative 
real parameters. 

When V\ > 0, v 2 > 0, 771 > and 772 > 0, (l)-(4) has a unique global classical solution for every initial 
data (uo, bo) £ H m with m > 2 (see e.g. [4], [7]). However, if any one of these parameters is zero, the global 
regularity issue has not been settled. This paper establishes the global regularity of classical solutions of 
(l)-(4) with either v x — 0, v- 2 — v > 0, 77! = 77 > and 772 = or v\ = v > 0, v 2 = 0, 77! = and 
772 = 77 > 0. More precisely, we have the following theorem. 

Theorem 1. Consider the 2D MHD equations (l)-(4) with v\ = 0, v 2 = v > 0, 771 = 77 > and rj 2 = 0. 
Assume uq G £f 2 (R 2 ) iitig? 60 € i? 2 (R 2 ) with V • ?Jo = and V • bo = 0. Then (l)-(4) with the initial data 
(uo,bo) has a unique global classical solution (u,b). In addition, (u,b) satisfies 

( U ,fo)GL°°([0,cx));tf 2 ), w v €L 2 ([0,oo);iT 1 ), 3* e L 2 ([0, 00); H 1 ), (5) 

where uj — V x u and j = V x b represent the vorticity and the current density, respectively. 

A similar global regularity result can also be stated for (l)-(4) with v\ — v > 0, v 2 — 0, 771 = and 
V2 = V > 0- 

Attention is also paid to the 2D MHD equations without dissipation but with magnetic diffusion, namely 
(l)-(4) with v\ = v 2 — but with 771 = 772 = 77 > 0. In this case, we obtain the following global a priori 
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bound for uj = V x u and j = V x b, 



"(t)\\t + \\m\\l + V f \\Vj(T)\\tdr < C( V )(\\w(0)\\i + \\j(0)\\l) for t > 0, 



o 



where C(rj) is a constant depending on r\ only. One consequence of this global bound is the existence of 
a global i/ 1 -weak solution. It is not clear if such weak solutions arc unique or can be improved to global 
classical solutions. However, if we know the velocity field u of a solution obeys 



then this solution actually becomes a classical solution on [0, T] and two weak solutions with one of their 
velocities satisfying this bound must coincide on [0, T]. We remark that (6) is weaker than the standard 
condition J Q T ||Vti(£)||oo dt < oo and, as some preliminary evidence shows, is more likely to be proven true 
for (l)-(4) with 771 = rj 2 = n > 0. 

This work is partially motivated by the recent progress made by Chae [2] , Hou and Li [5] and Danchin 
and Paicu [3] on the 2D Boussinesq equations, 



where the 2D vector u represents the velocity field, the scalar 9 the temperature, and e 2 = (0, 1). Chae 
[2] and Hou and Li [5] independently established the global regularity of (7)- (8) with either dissipation or 
thermal diffusion. Danchin and Paicu [3] constructed global solutions of (7)- (8) with either 77 = and vAu 
replaced by v u xx or v = and 77 AO by 77 9 XX . We remark that the global regularity issue for the 2D MHD 
equations (l)-(4) is more sophisticated. The equations of u and b in (l)-(4) are both nonlinearly coupled 
vectors equations and the approaches in [2], [3] and [5] do not appear to apply. In fact, it is not clear if 
(l)-(4) with rji = 772 = or (l)-(4) with v 2 = 772 = has global classical solutions. 

The rest of this paper is divided into two sections. The second section is devoted to the global regularity 
of (l)-(4) with either v\ = 0, v 2 — v > 0, 771 = 77 > and 772 = or v\ = v > 0, v 2 — 0, r)\ = and 
T] 2 = rj > 0. The third section handles (l)-(4) with v\ = 1/2 = and 771 = 772 = r\ > 0. Throughout these 
sections the L p -norm of a function / is denoted by ||/|| p , the £P-norm by and the norm in the 

Sobolev space W s ' p by 



This section proves Theorem 1 as well as a parallel result for the case when v\ — v > 0, v 2 = 0, 771 = 
and 772 = 77 > 0. The proof of Theorem 1 is achieved through two stages. The first stage establishes a 
global bound for ||cj(/j)|| 2 and ||j(*)ll2 while the second obtains a bound for ||Va;(i)||2 and ||Vj(/j)||2- The 
following elementary lemma will play an important role. 

2.1. An elementary lemma. 

Lemma 1. Assume that f, g, g y , h and h x are all in L 2 (R 2 ). Then, 




(6) 



u t + u ■ Vu 
V • u = 0, 
9 t +u-V9 



r]A6, 



-Vp + vAu + 9e 2 , 



(7) 
(8) 
(9) 



2. Mixed partial dissipation and magnetic diffusion 



J f \fgh\ dxdy < C \\f\\ 2 ||.g|| 2 /2 ||. 9 ,|| 2 /2 \\h x \\\ 



1/2 



(10) 



we have 
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Proof. Applying Holder's inequality and the elementary inequality 

sup \f(x)\ <V2 y \F( X )\ 2 d X y \F X ( X )\ 2 d X y , 

J J \f gh\ dxdy 

/[(/|/l^x) 1/2 (/|„^) 

c I (/ 1/12 dx ) 1 (/ 13,2 dx ) 1 (/ 1/1,2 dx ) 7 (/ l/lx ' 2 dx 



< C 



< 



1/2 



sup h 

-00<X<QC 



dy 



dy 



<c\\fh 

In addition, by (11) again, 



sup 

-oo<y<oc 



2 ll^ll -2 ■ 



sup 

-oo<y<oo 



< c 



g\ 2 dx 



(/ 

J (y | 5 | 2 dx) J [J \g\ \g y \ dx) dy 

<c(j(j\g\Uy) 1/2 dx) /[(/„ 



dx 



dy 



< C 



7[(/h^) 3,4 (/m^ 



1/4' 



dx 



sup / | 5 | 2 dx) ( / / |5 y | 2 dxdy 

D<y<oc J J \J J 

\\9v\\l 



r Hl'/ll. ||//, ; || 2 | sup /|. 9 | 2 dx) 



That is, 



sup / |g| 2 dx < C ||g|| 2 ||s y || 2 . 

-oc<j/<oo J 

Combining (12) and (13) yields (10). This completes the proof of Lemma 1. 



(11) 



(12) 



(13) 

□ 



2.2. A priori bounds for ||u>|| 2 and ||j||2- This subsection establishes a priori bounds for ||w||2 and ||j|| 2 
as stated in the following proposition. 

Proposition 2. If (u, b) solves (l)-(4) with vi~0,U2~i'>0,i]i=ri>0 and ry 2 = 0, then the vorticity 
w = V x u and the current density j = V x b satisfy 

\\o>(t)\\l + \W)\\l + v tlMrnldr + rj f \\ Jx (r)\\ 2 2 dr < C{v, rj) (||^ ||1 + \\jo\\l) (14) 
Jo Jo 

where C(v,r]) denotes a constant depending on v and rj only, ui n = V x w and jo = V x bo- 
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Proof. Taking the inner products of (1) with u and (2) with b, adding the results and integrating by parts, 
we obtain 



\Ht)U + \\b(t)\ 

Since ui and j satisfy 



2 + 2^ 



u y (r)\\ 2 2 dr + 2r 1 / \\b x (T)\\*dT < IWi + HM 



2- 



uj t + u ■ Vw = v Ldyy + b ■ Vj, 

it + u ■ Vj = r) j xx + b ■ Vw + 2 d x bi(d x u 2 + d v ui) - 2 d x ui(d x b 2 + d y bi), 



(15) 



(16) 
(17) 



we find that X(t) = \\oj(t)\\l + \\j{t)\\l obeys 
1 dX(t) 



2 dt 



+ v\\u v \\ Z 2 + ri\\j x \\2< 2 



j[d x bi{d x u 2 + dyUi) - d x ui(d x b 2 + d y bi)] j dxdy 



Applying Lemma 1, we can bound the terms on the right as follows. C's in these estimates denote either 
pure constants or constants depending on v and rj only. 



/ 



\d x bi\ \d x u 2 \ \j\ dxdy 

< CWdxU^ 2 \\d X yU 2 \\l /2 ||i|| 2 /2 WjxW 1 ^ 2 \\9 x h\\ 

< \ \\dxyuA\ + + C\\d x u 2 \\ 2 R&ifllill 

<7lMli + ?llJ'xlli + c-|Ml2||ax6i|lil|j||2 



<- A \W v \\l + j\\U\l + c\\dM\lx{t). 



J \d x h\ \dyUi] \j\ dxdy 

111 I 

< G \d x b x \l \\d xx b x \\l \\dyu x \\l \d m u\\% \j\ 

< \ ll^illi + \WMl + c \\dM ll^ilb llilll 

<^IKIl2 + |lli,||2 + C(R6 1 || 2 + ||9,n 1 || 2 )||i|| 2 . 



/ 



d x u 1 d x b 2 j dxdy 

b 2 j + Mi d x b 2 j x ) dxdy 



< C ||ui|| 2 2 ||5 y ui|| 2 2 II^IH \\d xx b 2 \\ 2 + C ||ui|| 2 2 ||5 y ui|j 2 2 Hc^M! II^Ml \\jxh 



< C Umlll \\d yUl \\i Him ||. 7;c ||| + C || Wl ||| llilll \\d x b 2 \\i \\j x \\i 

< hjxWi + cWmWl \\d yUl \\l Ililli + CKIIi \\d yUl \\l \\d x b 2 f 2 
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/ 



d x ui dyh j dxdy 



< 



(ui d xy bi j + m dybi j x ) dxdy 



<c\\ Ul \\i \\d yUl \\i Him \\j x \\i ll^ih + ciKII! \\d yUl \\l \\dyhWl \\d X ybl\\i \\j x \\2 

< c imi \\d yUl \\l \\j\\l \\j x \\l + c KHi K^iif 119^11 j iij.hi 

< | llixlli + c K||| \\dyu4l ||j||i + c Kin \\d yUl \\l 119^111 

<fllix||i + q|«i||ill^«i||il|j||i. 

Combining these estimates, we have 

Sl +I ,| K ||| + r ? ||i x |||<C(||9 !/Ul ||| + ||9 x 6 1 ||i)X(t), 
which, together with (15), yields (14). □ 

2.3. A priori bounds for || Vw|| 2 and || Vj||2- This subsection provides global a priori bounds for || Vw|| 2 
and ||Vj|| 2 . 

Proposition 3. // (u, b) solves (l)-(4) with V\ = 0, u 2 = v > 0, 7?i = 7] > and ri 2 = 0, then the vorticity 
lo and the current density j satisfy 

||Va;(i)||! + ||Vj(t)||! + i/ fwVuy^Wldr + n f \\ Vj x (r)f 2 dr < C{y, „) (|| Va, ||l + || Vj ||2) (18) 

Jo Jo 

where C{v,rj) denotes a constant depending on v and 77 only. 
Proof. Taking the inner products of (16) with Aui leads to 

Vw • Vu • Vlu dxdy + I Vuj-Vb- Vj dxdy + I b- V(Vj) • Vw dxdy. 



Similarly, taking the inner product of (17) with Aj yields 

lj t \\Vj\\ 2 2 + V \\Vj x f 2 

= - J Vj • Vu ■ Vj dxdy + J Vj -Vb-Vuj dxdy + J b ■ V(Vuj) ■ Vj dxdy 
+2 J V [d x bi(d x u 2 + dyUi)] ■ Vj dxdy - 2 J V [d x ui{d x b 2 + d y h)} ■ Vj dxdy. 
Adding the above equations and integrating by parts, we find 

^(llV^lli + llVjlll) + H|V^|||+r ? ||Vi x ||i = / 1 +/ 2 +/ 3 + /4 + /5, 
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where 

I\ = — I • Vm • Vw dxdy, 



I 2 = — J V j ■ Vm • Vj dxdy, 
h = 2 j \7uj ■ V6 • Vj dxdy, 

2 J V [d x bi(d x u 2 + dyUi)] ■ Vj dxdy, 



L 



h 

To bound ii , we write the integrand explicitly and further divide it into four terms 

h = j (d x ui ml + d x u 2 uj x uj y + dyUi u x uj y + d y u 2 LOy) dxdy 

= hi +I12 + hs + 
By the divergence-free condition d x u\ + d y u 2 — and Lemma 1, 

In = - J d v u 2 ul dxdy 

1 ill 

< C \\d y u 2 \\i \\d xy u 2 \\i || 

< C \\w\\\ IKHI ||Va; y ||I HVwIlJ 

By Lemma 1, 



< ^ l|Vw y ||l + C||w||| K||f ||Vo;|||. 



hi < C \\d x u 2 \\^ \\d xy u 2 \\i ||9 y w|| 2 2 ll^j/wlll \\co x \\ 2 

< C \\u v \\l \\Vu y \\l ||Vw||f 

< ^IIV^Hi + CIMlllKlllllVa;^. 
7i3 and I14 can be similarly bounded, 

/13, /i4<^||v Ww ||2 + c|Mi! 11^11} iivwiil. 

I 2 and I 3 can be bounded by applying Lemma 1. 

h < c\\wu\\i \\Vuy\\l iivjiij \\Vj x \\I \\Vj\\ 2 
< C\\u>\\l ii^ni ||Vj||f \\Vj x \\l 



< ^l|Vj x ||l + C||a;||||K||J||Vj|||. 



< C \\Vb\\ 2 ||Vw|| 2 2 \\Vu y \\i \\Vj\\i \\Vj x \\i 

< C\\j\\ 2 ||Vw||l liv^ni iivjlll ||Vj x ||| 

< l|v ^ 11 ' + w + c Ml llVLuh l|Vj| ' 2 

< y l|Vw " l| 2 + Ye + c ml (I|Vll,|| 2 + l|Vj|l2) 
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To bound I4, we split it into two parts: 

h = 2 J d x [d x bi (d x u 2 + d y ui )] j x dxdy + 2 J d y [d x h (d x u 2 + d y ui )] j y dxdy 

= Z4I + h.2 • 

Integrating by parts in 7 41 and applying Lemma 1, we have 

hi = -2 J d x bi(d x u 2 + d y ui) j xx dxdy 

111 1 

< C \\d x bi\\% \\d xx bi\\% \\d x u 2 \\i \\d xy u 2 \\^ \\j xx \\ 2 

I 1 1 1 

+ c||a x 6i||| \\d xx h\\i \\dyux\ii ||a aa Mi|| 2 2 \\j xx \\ 2 

< C Hilll HVilll |K||f ||Vj x ||2 

< ^l|Vix||2 + C||w|| 2 ||i||2||Va;|| 2 ||Vi|| 2 

< ^l|Vj x ||^ + C|M| 2 ||j|| 2 (||Va;||l + ||Vj||l). 
I 4,2 can be further decomposed into two parts: 

I42 = 2 J d xy h{d x u 2 + dyUi)] j y dxdy + 2 J d x bi{d xy u 2 + d yy ui)] j y dxdy 

= Z42I + ^422 

and these two terms can be bounded as follows. 

1 ill 

J42I < C ||9 X! /&l||2 II^^IH ||9xi/«2||2 \\jy\\Z \\jxy\\i 

1 111 

+ C \\d xy h\\ 2 \\d y ui\\Z \\dyyUiWZ \\j y \\i \\j xy \\i 

< C\\u\\l |K||f ||Vi||J ||Vj x ||f 

< ^l|Vi,||l + c|M|J|K||J||Vi||^ 

II 11 
h22 < C ||9 x 6i|| 2 2 ||9xi/bl||2 II 1| 2 \\jy\\i \\jxy\\i 

+ C\\d x h\\l \\d xy h\\l H^uiHa HjvIIJ \\j xy \\l 

11 11 

< C llill 2 2 llix|| 2 |K|| 2 \\jy\\ 2 \\jxyM 

< ^ livjxlli + c HiiiJ \\ Jx \\ J ||Vw|||||Vj||| 

< ^livj x ||i + c||j||| ii^hI (||Vo;||| + ||vi||i). 

To bound I5, we first write it into three terms, 

h = -2 J d x [d x ui(d x b 2 + dyh)] j x dxdy - 2 J d y [d x ui(d x b 2 + d y h)] j y dxdy 

= 2 J d x u x (d x b 2 + dyh) j xx dxdy - 2 J d xy u x (d x b 2 + dyh) j y dxdy 

-2 J d x ui(d xy b 2 + d yy h) j y dxdy 
= hi + I52 + h3- 



8 



CHONGSHENG CAO AND JIAHONG WU 



We bound these terms as follows. 



hi < C \\d x ui\\% \\d xv u\\\% \\d x b 2 \\% \\d xx b 2 \\% \\jxxh 

+ c\\d xUl \\i ||a xw «i||| ii^iiJ ||a xw 6i||| \\j xx h 

< C ||Vw||I Hill! HVill! ||Vj x || 2 

< ^l|Vi x ||^ + C|M| 2 ||i|| 2 (||Va;||i + ||Vj||i). 

hi < c \\d xyUl \\ 2 \\d x b 2 \\l \\d xy b 2 \\l \\ Jy \\l \\j xy \\l 

1 111 

+ C ||<9xj,ui||2 \\dyhWi \\ d yy b i\\ 2 \\jvM WjxyM 

< c\\w y \\l Hill! ||Vi|| 2 IIVi.H! 

< ^l|Vi.||^ + C|K|||||i|||||Va;|||||Vi||l 

< ^l|Vi.||^ + C|K|||||i||J(||Va;||| + ||Vi|||). 

11 11 

^53 < C ||5 x Mi|| 2 2 ||9xyWi|| 2 2 \\d xy b 2 \\ 2 \\jy\\ 2 \\jxy\\ 2 

11 11 

+c||a X Mi|| 2 2 ||s X!/ ui|| 2 2 ||9 TO 6i|| 2 ||i y || 2 2 \\j xy \\i 

< C\\u\\l Kill ||Vj|| 2 llijf Hixvll! 

< ^6 H v ^ll2 + C 'll w ll2 l Kill 

Collecting the above estimates, we finally obtain 

|(l|Va;||! + ||Vj||!) + y\\ Vu v \\l + v\\Vj x \\ 2 2 

< c ((K||f + \\j x \\h (|M|f + Hiiif) + ||i|| 2 (|M| 2 + ||i|| 2 )) (liv^m + ||vj||2). 

Applying the bound from Proposition 2, we find 

||Vo;(t)||i + ||Vj(t)||i + v f HV^WHi dr + V f \\Vj x (r)\\ 2 dr < C(v, V ) (\\Vuj \\ 2 + \\Vj f 2 ). 

Jo Jo 

This completes the proof of Proposition 3. □ 
2.4. Proof of Theorem 1. This subsection presents the proof of Theorem 1. 

Proof of Theorem 1. With the a priori bounds of Propositions 2 and 3 at our disposal, the proof of this 
theorem can be achieved through a parabolic regularization process. Let e > be a small parameter and 
consider a family of solutions (u e , b e ) satisfying the regularized system of equations 

d t u e + u f _ ■ Vii e = — Vp f + vd vv u e + b e ■ V& e + e Au £ , (19) 

d t b e + u e ■ \7b e = t] d xx b e + b e -\7u e + e Ab € (20) 

V • u e = 0, (21) 

V • b e = 0, (22) 
u £ (x, 0) = ip e * uo, b e (x,0) — ip e * b , (23) 

where "4> € (x) = e~ 2 ip(x/e) with ip satisfying 

V>>0, ^eC oc (R 2 ) and ||V||i = 1. 
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Since u € (x, 0) and b e (x, 0) are smooth, the standard theory on the 2D viscous MHD equations (see e.g. [7]) 
guarantees that (19)-(23) has a unique global smooth solution (u £ , b e ). It is easy to see that (u e , b e ) obeys 
the a priori bounds in Propositions 2 and 3 uniformly in e. The solution (u, b) of (l)-(4) is then obtained 
as a limit of (u € , b e ) and obey the bounds in Propositions 2 and 3. 

The uniqueness of the solutions follows from the elementary inequalities (see Lemma 14 of [3]) 
ll/lloo < C (||/|| 2 + ||/ x || 2 + ||/ w || 2 ) and H/IU < C (H/lla + ||/ w || 2 + ||/ ra || 2 ). 
In fact, applying these inequalities, we have 

\|Mt)||oo + ||j(r)||oo) dr 



I (||w(r)|| 2 + IK(r)|| 2 + ||Vw„(t)|| 2 ) dr 
Jo 

+ [\\\j(r)h + \\Ur)\\ 2 + \\Vj x (r)h) dr < oo 
Jo 

for any t > 0. It is well-known (see e.g. [1], [8]) that this bound yields the uniqueness. □ 

2.5. (l)-(4) with v-y = v > 0, v 2 = 0, 771 = and rj 2 = V > 0. A global regularity result similar to 
Theorem 1 can be established for the 2D MHD equations (l)-(4) with V\ = v > 0, f 2 = 0, r\\ = and 

m = v > 0. 

Theorem 4. Consider the 2D MHD equations (l)-(4) with v\ = v > 0, v 2 — 0, r\\ — and r\i = ry > 0. 
Assume uq <E i? 2 (R 2 ) and 60 € i? 2 (R 2 ) wif/i V • uo = and V • 60 = 0. TTien (l)-(4) has a unique global 
classical solution (u,b). In addition, (u,b) satisfies 

( U ,fe)GL oc ([0,cx3); J ff 2 ), w I eL 2 ([0,oo);H 1 ), j„ G £ 2 ([0, ex.); i/ 1 ), (24) 

where lo = V x u anc! j = V x 6 represent the vorticity and the current density, respectively. 

Proof. Although this theorem can be proven in a similar fashion as that of Theorem 1, we provide an 
alternative proof. The idea is to convert (l)-(4) with v-y = v > 0, v 2 = 0, 771 = and r/ 2 = i] > into 
a form dealt with by Theorem 1. Assume that (u,b) solves (l)-(4) with v\ = v > 0, v 2 = 0, r]i = and 
m = V > 0. Set 

U 1 (x,y,t) = u 2 (y,x,t), U 2 {x,y,t) =u 1 (y,x,t), P(x, y, t) = p(y, x, t), 
B 1 (x,y,t) = b 2 (y,x,t), B 2 (x,y,t) = bi{y,x,t). 

Then U=(U U U 2 ), P and B = (B U B 2 ) satisfy 

U t + U -VU = -X7P + vU yy + B-X7B, (25) 

B t + U-VB = r,B xx + B-VU, (26) 

V • U = 0, (27) 

V • B = 0. (28) 

The global regularity of (25)-(28) guaranteed by Theorem 1 allows us to obtain the global regularity for 
(l)-(4) with v\ = v > 0, v 2 = 0, rji = and r\ 2 = n > 0. This completes the proof of Theorem 4. □ 



< 
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3. The MHD with magnetic diffusion 

This section focuses on (l)-(4) with v\ = v 2 = and rji = r/ 2 = n > 0. Two major results are 
established. The first is the global existence of a weak solution and the second assesses the global regularity 
and uniqueness of the weak solution under a suitable condition. 

Theorem 5. Consider (l)-(4) with v\ = v 2 = and n\ = n 2 = rj > 0. Assume that (uo,bo) G H 1 with 
V • u — and V • b = 0. Then (l)-(4) has a global weak solution (u, b) satisfying 

u € C([0, oo); H^), be C([0,oo); H 1 ) D L 2 ([0,oo); H 2 ). (29) 

The proof of this result relies on a global a priori bound for lo = V x u and j = V x b. 

Theorem 6. Assume the initial data (uo, bo) € H 3 , V-mq = and V-&o = 0. Let (u, b) be the corresponding 
solution of (l)-(4) with v\ = v 2 = and r/i = rj 2 = n > 0. //, for some T > 0, 

1 f T 

sup — / ||Vu(i)|| p dt < oo, (30) 

p>2 y/P Ja 
then (u,b) is regular on [0, T], namely 

(u 7 b)eC([0 7 T];H 3 ). 

In addition, two weak solutions (u,b) and (u,b) in the regularity class (29) must be identical on the time 
interval [0, T] if u satisfies (30). 

The rest of this section is divided into four subsections. The first subsection presents a global a priori 
bound for ||it||#i and and the second proves Theorem 5. The third subsection establishes a loga- 

rithmic Sobolcv inequality, which serves as a preparation for the proof of Theorem 6. The last subsection 
proves Theorem 6. 

3.1. An a priori bound for ||Vu||2 and ||V6||2- 

Proposition 7. If (u,b) solves the 2D MHD equations (l)-(4) with V\ = v 2 = and r/i = n 2 = n > 0, 

then, for any t > 0, 

\Ht)\\i + \\j(t)\\i + V f llViHi dr < C(n) (HVuoll! + ||V&o||!), (31) 
Jo 

where C(rf) is a constant depending on n only. Therefore, 

\Ht)fm + \\b(t)\\h + V f Ml* dr < C(n) (\\u Q \\ 2 H1 + \\b \\ 2 H1 ). (32) 
Jo 

Proof. It follows easily from (1) and (2) that, for any t > 0, 

K*)ll2 + \\b(t)\\l + ^ f \mr)\\l dr = \\u{0)\\l + ||6(0)||1. (33) 
Jo 

To prove (31), we employ the equations of the vorticity u> and the current density j, 

cj t + u-Vuj = b- Vj, (34) 
jt+u - Vj = n Aj + b ■ Vw + 2d x b 1 (d x u 2 + d y u{) - 2d x u x {d x b 2 + d y bi). (35) 

Taking the inner products of (34) with u> and of (35) with j, we find 

= J b - V j lu dxdy, 

2 rft' 2 +? ^ Vj ^ = J b ' VuJ J dxd y+ 2 J{9 x bi(d x U2 + dyU 1 )-d x u 1 (d x b 2 + d y b 1 ))jdxdy. 



1 d||w||2 

2 dt 

1 d\^" 2 
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Since 

J b ■ V j lj dxdy + J b ■ Vuj j dxdy = 0, 

we have, for AT(t) = ||w(t)||| + 

^+2^||V^<8||V«|| 2 ||V6|U||j||4, 
where we have applied the Holder inequality. Applying the inequalities 

||V«|| 2 < N| 2 , ||V6|| 4 < Hilk ||j||l<||j|| 2 ||Vj|| 2 
and Young's inequality, we find 

^+2^||Vi||B^Nlillilli+r?||Vi||I. 

In particular, 

d ^ + n\Wj\\l< l ^\\j\\lx{t). 

By Gronwall's inequality, 

X{t) + V jf ||Vj(r)|| 2 dr < X(0) cxp J* dr^j , 
which, together with (33), yields (31) and (32). □ 

3.2. Proof of Theorem 5. Let e > be a small parameter and consider the regularized system of 
equations 

d t u e + u € - Vu e = — Vp f + e Au £ + b f ■ X7b e , 
d t b e + u f _ ■ Vb f = 7] Ab e + b f ■ Vw e , 

V • u e = 0, 

V • b e = 0. 

This system of equations admits a unique global solution (u € ,b € ) that satisfies the global a priori bound 
stated in Proposition 7 uniformly in terms of e. By going through a standard limit process, we conclude 
that (w € , b e ) converge to a weak solution of (l)-(4) with v\ = i>2 = and 771 = r/ 2 = i]. This completes the 
proof of Theorem 5. 

3.3. A logarithmic inequality. This subsection presents a logarithmic Sobolev inequality, which plays 
an important role in the proof of Theorem 6. A similar inequality was previously obtained by Danchin and 
Paicu [3] and their proof involves tools from Fourier analysis such as the Littlewood-Paley decomposition. 
The proof presented here is different and more elementary. 

Lemma 8. For any function of two variables f = f{x), x e R 2 , the following logarithmic inequality holds 

||/IU~<<7suptt Me +11/11**)]* ■ 

Proof. We follow the approach of Hou and Li [5] . Denote by B r the disk centered at the origin with radius 
r. Let (j) <G C°°(R 2 ) be a smooth cutoff function satisfying 

0(0) = 1, \V<j>\ < C, \A<j>\ < C, supp (j) C Bi. 
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Set w = f(f>. According to the solution formula of the 2D Laplace equation, we have, for any p > 2, 
w p (0) = ± [ (\n\y\-lne)AwP(y)dy+±- f (In \y\ - lne)Aw p (y) dy 

= I + 11. 

Since 

Aw p = pw p ~ l Aw+p(p- 1) w p ~ 2 |Vw| 2 , 
we obtain by applying Holder's inequality 

IP- 1 _i_ f m _ 1MIV7„„II 2 IL.JIP- 2 



V 2 

\!\ < 
1 1 - 2tt 



l|AHl2lHI^-i) + (p-i)llvHlallHI?^-2) 



By the embedding inequality 

||VHU<c|HIJI|AHll. 

we have, for C independent of p, 

\I\ < Cpei ||A W || 2 +Cp(p- l)el H|f ||A^||J \\w\\%£_ 2y 



Integrating by parts in II yields 



II = 7— / w p dy. 



= -/ 



i\B c 

By Holder's inequality, 



\ii\<c p (in±y ||VHl4|H^-i)<Cp (ini) 2 HI! IIAHl! IHIS^-i 

Now, set 

2 -3 1 

es||A«;||2 = l or e=||Aw|| 2 2 and p = ln-. 

We then have 



1__L 1 _L _L 1_2 

• " ' 'I 2 P II A,.. I 2p " " 



K0)| < Cp* ||HI 6( /_i) + C(p(p - 1))? |Hlf II A^lir ||HI 6(p -2) 
+ Cp^ \\w\\f \\Aw\\f M 1 ^. 

Use the fact that pp < C, (p(p — l))p < C, and 



||Aw||| p = e 3 !'" = e 3 , ll^Hg < ^/g sup 



IIHI9 



q>2 y/Q 

we obtain that 



\w(0)\ <Csup^^ln^(e+||Aw;|| 2 ). 



q>2 V? 

Noticing that 

|/(0) = | W (0)| and ||AH|2<C(||/|| 2 + ||A/|| 2 )<C||/||^, 
we conclude the proof of Lemma 8. □ 
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3.4. Proof of Theorem 6. To show the regularity, we bound \\(u, 6)||h3. According to Proposition 7, 
6)||#i admits a global uniform bound. Now, consider Vw and Vj, which satisfy 

a ( Vw + «.V(Vw) = -(Vu) Vuj + b- V(Vj) + (V6) Vj, 
d t Vj + u-V(Vj) = ryA(Vj)-(Vu)Vj + 6-V(Vw) + (V6)Vw 
+ 2 V [d x h(d x u 2 + dyUi)] - 2V[<9 x ui(<9 a; & 2 + 

Therefore, 

+ 2 J V[d x h(d yUl + d x u 2 )\ ■ Vj- 2 y V[0 x ui(fy6i +0*62)] • Vj 

= ^+^2+^3 + ^4 + ^5- 

The terms on the right can be estimated as follows. 

#i < HVuHoo ||Vw|||. 

Y Vu-Vj-Vj< ||V«|| 2 ||Vj||2 

< C||V«||2||Vj|| 2 ||Aj|| 2 

< ?||Ai||I + C|M|i||Vj||i. 



^2 = 



K 3 = 2 J Vb-Vcu - Vj < 2||Vw|| 2 ||V6|| 4 ||Vj|| 



< C||Vw|| 2 IIV&IH ||A6||I ||Vj||I ||Aj||f 

< |||Aj||i + C||V W |||||V6|||||Vj||| 

< ?||Ai||| + C||j|||||Vj||!(||Va;||2 + ||Vi|||). 



tf 4 = 2 Jv\d x bi{dyUi + d x u 2 )} ■ Vj 

= 2 J d x \7b 1 • Vj {d yUl + d x u 2 ) + 2 j x 6i(0„V m + <9 X V u 2 ) ■ Vj 

< 4 J \Vj\ 2 \Vu\ + 4 y |V6| |Vw| |Vj| 

< |||Aj||2 + C || w ||l||Vj||^ + C 1 1 ^ 1 1 f ||Vj||f (HV^Hl + \\Wj\\l). 
Putting together these estimates, we have 

|(HV^ + ||V^)+»?||A^ 

< HVuHoo Hv^Hl + c + c \\M livj|| 2 f (||Vo;||i + iivjII^). 

We now bound the third-order derivatives of (u,b). For any multi-index (3 with |/3| = 3, Z?^u and D^fr 
satisfy 

d t D f3 u + u ■ WD f3 u = -WD f3 p + b ■ WD f3 b - [D 13 , u ■ V]u + [D 13 , b • V]6, 
d t D f3 b + u- WD p b = n AD b + b ■ VD f3 u - [D 13 , u • V]b + [D 13 , b • V], 



14 CHONGSHENG CAO AND JIAHONG WU 

where [D 13 , / • V]g = D l3 (f ■ Vg) — / • S/D^g. Taking the inner products of these equations with D u 
D b, respectively, and integrating by parts, we have 

\j t (\\D f3 u\\l + \\D^b\\l) + V \\VD b\\ 2 2 =L 1+ L 2 + L 3 + U 

where 

L x = -([D 13 , u • V]u, D u), L 2 = ([D , b ■ V]b, D f3 u), 
L 3 = — ({D 13 , u • V]6, D b), U = {[D , b • V]6, D b). 
To bound L\, L 2 , L3 and L4, we recall the commutator estimate (see [6, p. 334]) 

W 2 'P2 + 11/11 W 3 'P3 l|Vff|| 

valid for any p, p 2 , P3, € (1, 00) and - = ^" + ^ = ^ + ^"- Applying this inequality, we obtain 

|Li| < ||[D' 3 ,n-V]u||2||-D^|| 2 <C||Vu|| 00 ||w||H3|| J D^||2, 
\L 2 \ < \\[D ,b- V]6|| 2 ll^lls < C (||V6|| 4 \\Vb\\ W 2,4 + \\b\\ W 3,4 ||V6|| 4 ) ||^|| 2 . 
By the basic calculus inequality, for any / e if 1 (R 2 ), 

||/IU< Cr||/||| hv/iiI, 



we have 

By Young's inequality, 



\L 2 \<C\\Vb\\i\\Ab\\i\\b\\h\\Vb\\l 3 \\D u\\ 2 . 



< ^\\Vb\\l 3 + C\\VbM\\AbM\\b\\l 3 \\D 



4 II • -Nil- ' - II • -IIZ II IIZ II" lliJ3 U ll2 

< I ||V6|&, + C ||V6||| ||A6||| (116111,3 + II^HI). 

By (36) again, 

|L 3 | < ||[£>",u- V]6|| f \\D b\\ 4 < C (||V«|| 2 ||V6|| W2 ,4 + ||u||*. ||V6|| 4 ) ||^6|| 4 . 

Therefore, 



|i 3 | < C||w|| 2 ||6|| H s ||V6||*s + C ||V6||J IIA&Hf ||&||* 3 ||V&||*, \\u\\ H3 
< \ HV6||^ + C M\ \\b\\% 3 + C ||V6||| ||A6||| (||6|| 2 ff 3 + Utiles 
Similarly, L 4 is bounded as follows. 



|i4|<|||Vfe||^+C||V6|||||A&|||||6|| 2 ff3 . 
Combining all these estimates, we obtain 

+ Wbfm) + V \m 2 H3 < CllVulloo + IMI 2 . 116111,3 + C ||j||| ||Vj|| J \\b\\ 2 H3 . 

Applying Lemma 8 to bound ||Vu||oo, we obtain the regularity part of Theorem 6. 
To prove the uniqueness, we consider the difference 

(W,B) = (u,b)-(u,b), 

which satisfies the equations 

W t +u- WW + W ■ Wu = -VP + b ■ VB + B ■ V6, 
B t + u ■ VP + W ■ V6 = -qAB + b ■ VW + B ■ Vu, 
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where P is the difference between the corresponding pressures. Adding the inner products of (38) with W 
and of (39) with B and integrating by parts, we obtain 

^j t (\\W\\l + \\B\\ 2 2 ) + V \\VB\\ 2 2 < J \W -Vu-W\+ J \B -Vu- B\+2 j \W\\Vb\\B\ 

< HVuHoo + 2 ||W|| 2 ||B|| 4 ||V6|U. (40) 

By (37), we have 

2||W|| 2 ||B|| 4 ||V6||4 < C||W|| 2 ||B|||||VB||J||V6||J||A6||I 

< I l|VB||| + C||W|||||B|||||V6|||||A6||| 

< I l|VB||= + C||V6|||||A6|||(||W||l + ||B||l). 

Inserting the above estimate in (40) and applying Lemma 8 to bound ||Vu||oo, we obtain the desired 
uniqueness. This completes the proof of Theorem 5. 
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